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We study positive C0-semigroups on Lp associated with second-order
uniformly elliptic divergence-type operators with singular lower-order terms,
subject to a wide class of boundary conditions. We obtain an interval ðpmin;pmaxÞ
in the Lp-scale where these semigroups can be deﬁned, including the case
2 =2 ðpmin;pmaxÞ. We present an example showing that the result is optimal. We also
show that the semigroups are analytic with angles of analyticity and spectra of the
generators independent of p, for the whole range of p where the semigroups are
deﬁned. # 2002 Elsevier Science (USA)1. INTRODUCTION AND MAIN RESULTS
In this paper, we continue to study the Lp-theory of second-order elliptic
differential operators on an open set O  RN , N53, corresponding to the
formal differential expression
L ¼ r  ðarÞ þ b1  r þr  b2 þ V ;
with singular measurable coefﬁcients a : O! RN  RN , b1; b2 : O! R
N ,
V : O! R. In [24] a quasi-contractive C0-semigroup on Lp :¼ LpðOÞ is
constructed, whose generator is associated with L. In this paper, we study
the case of uniformly elliptic operators and show that, under some
additional restrictions, the range of Lp-spaces in which one can associate
a C0-semigroup with L, can be extended beyond the interval of55
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LISKEVICH, SOBOL AND VOGT56quasi-contractivity. We also prove that the consistent semigroups associated
with L on Lp are analytic with angles of analyticity and spectra of the
generators independent of p.
The form associated with the above differential expression is
tðu; vÞ :¼ haru;rvi þ hru; b1vi  hb2u;rvi þ hVu; vi ð1:1Þ
on a suitable domain DðtÞ responding to the boundary conditions. (Here
and in the sequel, hf ; gi is deﬁned as
R
O f ðxÞ  %gðxÞ dx whenever f  %g 2 L1,
for f ; g : O! C or f ; g : O! CN measurable.)
Our main interest lies in the case when the semigroup associated with L
can be deﬁned on Lp for p from a proper subinterval of ½1;1Þ. This case of
the Lp-theory of second-order elliptic operators has been extensively studied
[2, 5, 12, 15, 18–21]. However, most of the results are related to sectorial
forms (especially to symmetric forms bounded below) and quasi-contractive
semigroups. In [24] a general method of constructing positive C0-semigroups
on Lp corresponding to sesquilinear (not necessarily sectorial) forms in L2
has been developed, and a precise condition for quasi-contractivity has been
established.
It was ﬁrst observed in [11] that the Schr .odinger semigroup with LN=2;weak-
potential can be deﬁned on Lp for certain p outside of the interval of
quasi-contractivity. In [21] this result was extended to uniformly elliptic
second-order divergence-type operators in RN perturbed by a form bounded
potential. Here, we study a general second-order differential expression L
for a wide class of boundary conditions.
Ouhabaz [17] was the ﬁrst to establish analyticity of angle p
2
in LpðR
N Þ,
14p51, for symmetric semigroups satisfying Gaussian upper bounds.
Davies [5] extended this result to a more general setting of metric spaces with
polynomial volume growth. In [18] analyticity of angle p
2
was ﬁrst shown for
symmetric semigroups that are deﬁned only for p from an interval in ½1;1Þ,
under the assumption of certain weighted estimates. In the present paper, we
prove analogous results for general uniformly elliptic second-order
operators. The result on p-independence of the spectrum we present here,
which is an application of a criterion from [16], generalizes respective results
from [8, 19–21].
The main tool of the present paper is a technique of weighted estimates
analogous to that used in [5, 18, 19]. For further development of this
technique with applications to Lp-theory we refer the reader to [14, 26].
We recall from [24] the following qualitative assumptions on the form t.
(a) a 2 L1;loc, a is a.e. invertible with a1 2 L1;loc, and
jIm z* azj4aRe z* az a:e: ðz 2 CN Þ
Lp-THEORY OF C0-SEMIGROUPS, II 57for some a50, i.e., a is uniformly sectorial (z* is the transpose of %z). Let
as :¼ aþa
>
2
. Then
tN ðu; vÞ :¼ haru;rvi; DðtN Þ :¼ fu 2 W 11;loc \ L2; ðruÞ* asru 2 L1g
deﬁnes a closed sectorial (non-symmetric) Dirichlet form in L2. Let ta  tN
be a Dirichlet form.
(bV) The potentials Wj :¼ b>j a
1
s bj ðj ¼ 1; 2Þ and jV j are ta-regular,
i.e., QðWjÞ \ DðtaÞ and QðjV jÞ \ DðtaÞ are dense in DðtaÞ.
(QðV Þ denotes the form domain of the multiplication operator V in L2.)
We deﬁne the form t on DðtÞ :¼ DðtaÞ \ QðW1 þ W2 þ jV jÞ by (1.1).
As shown in [24], DðtÞ is dense in DðtaÞ, and the form tþ U0  U0 ^ m is
sectorial and closed for all U05W1 þ W2 þ 2V  and m 2 N.
In order to formulate the main result from [24] we need to introduce the
following quadratic forms
tpðuÞ :¼
4
pp0
hasru;rui þ
2
p
hrjuj; b1juji 
2
p0
hb2juj;rjuji þ hV juj2i;
15p51;
t1ðuÞ :¼ 2hb1rjuj; juji þ hV juj2i
on DðtpÞ :¼ DðtÞ ð14p51Þ:
The construction of the quasi-contractive C0-semigroup on Lp, corre-
sponding to the form t, is given in the following theorem which is the main
result in (see [24, Theorem 1.1 and Corollary 4.4]).
Theorem 1.1. Let assumptions (a) and (bV) be fulfilled. Let U05W1 þ
W2 þ 2V  be such that QðU0Þ \ DðtaÞ is dense in DðtaÞ, and T0 ¼ T0;2 the C0-
semigroup associated with the form tþ U0 on L2. Let I be the set of all
p 2 ½1;1Þ such that tp5 op for some op 2 R.
(i) Then I is an interval in ½1;1Þ, and T0 extrapolates to a positive C0-
semigroup T0;pðtÞ ¼ eA0;pt on Lp, for all p 2 I .
(ii) For all p 2 I , the sequence of C0-semigroups Tm;pðtÞ ¼ eðA0;pU0^mÞt
strongly converges in Lp to a positive C0-semigroup TpðtÞ ¼ eApt satisfying
jjTpðtÞjj4eopt. For p; q 2 I the semigroups Tp and Tq are consistent.
(iii) For all p 2 I =f1g the form tp is closable, and for u 2 DðApÞ we have
jujp=2 sgn u 2 DðtpÞ and
RehApu; ujuj
p2i5tpðjujp=2 sgn uÞ: ð1:2Þ
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jImhðb1 þ b2Þu;ruij4c1tpðuÞ þ c2jjujj22 ðu 2 DðtÞÞ ð1:3Þ
for some p 2 (I , c150, c2 2 R, then Tp extends to an analytic semigroup on Lp
for all p 2 (I (the interior of I).
As shown in [24], the semigroup Tp does not depend on the choice of U0.
We say that the semigroup Tp is associated with the form t.
In the rest of the paper, we assume that a 2 L1. Moreover, we make the
following assumption:
(BC) For all j 2 W 11, if u 2 DðtaÞ then ju 2 DðtaÞ.
The above assumption is a restriction on the type of boundary conditions.
It holds in the case of Neumann boundary conditions, i.e. ta ¼ tN , and one
can easily see that it is also satisﬁed if DðtaÞ is an ideal of DðtN Þ (u 2 DðtaÞ,
v 2 DðtN Þ and jvj4juj imply that v 2 DðtaÞ). In particular, it is satisﬁed in case
of Dirichlet boundary conditions. However, (BC) does not hold for
periodic-type boundary conditions.
Now we are ready to formulate the main result of this paper.
Theorem 1.2. Let (a), (bV) and (BC) hold, and let the interior (I ¼:
ðp;pþÞ of the interval I defined in Theorem 1.1 be nonempty. Assume
that
(i) the matrix a is uniformly elliptic, i.e., there exists s51 such that
s1 id4as4s id;
(ii) for some p 2 (I , (1.3) holds and, for some C50,
jhðb1 þ b2Þjuj2ij4C
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðtp þ CÞðuÞ
p
jjujj2 ðu 2 DðtÞÞ; ð1:4Þ
(iii) DðtaÞ  L2N=ðN2Þ.
For q 2 I , let Tq be the semigroup constructed in Theorem 1.1. Let
pmax :¼ NN2 pþ, pmin :¼ ð
N
N2 p
0
Þ
0.
Then TqðtÞpL1;c extends to an analytic C0-semigroup on Lp for all
p 2 ðpmin;pmaxÞ. The sector of analyticity and the spectrum of the generators
are p-independent. For pmin5p5q5pmax, there exist constants c1; c2 > 0
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jjTpðtÞjjp!q4c1t
N=2ð1=p1=qÞec2t: ð1:5Þ
In case 1 2 I the assertions hold for all p 2 ½1;pmaxÞ.
Remarks
1. By Sobol and Vogt [24, Proposition 4.1(b)], condition (1.4) holds in
particular if, for some C50,
jhðb1 þ b2Þjuj2ij4CjjujjH1 jjujj2 ðu 2 H
1Þ:
Note that it is much less restrictive to pose a condition on jhðb1 þ b2Þjuj
2ij
than on hjb1 þ b2jjuj2i.
2. Assumption (iii) of the theorem is, in fact, the Sobolev imbedding
theorem which holds, for example, for Dirichlet boundary conditions or if
the domain O satisﬁes the cone property or the extension property [1].
3. In Section 4 we present an example of a semigroup that cannot be
extended to a wider interval in the Lp-scale than that obtained in Theorem
1.2. In this sense the result of Theorem 1.2 is sharp. For b1 ¼ b2 ¼ 0 the
interval ðpmin;pmaxÞ was computed in [21].
As a direct consequence of Theorem 1.2 we obtain a variant of that
theorem in which the interval ðpmin;pmaxÞ is more explicit.
Corollary 1.3 Let assumptions (a), (bV) and (BC) be fulfilled. Let Vþ;
V50 be ta-regular with Vþ  V ¼ V , and tþ :¼ Re ta þ Vþ. Assume that
the matrix a is uniformly elliptic, DðtaÞ  L2N=ðN2Þ, and
ð1Þjhbju;rui4bjtþðuÞ þ Bjjjujj
2
2; hVu
2i4gtþðuÞ þ Gjjujj22;
hjb1 þ b2j
2u2i4KðtþðuÞ þ jjujj22Þ ð1:6Þ
ð04u 2 DðtÞ \ QðVþÞ; j ¼ 1; 2Þ for some constants b1; b2; g50, B1;B2;G;K 2
R. Let I be the interval defined in Theorem 1.1.
Suppose that ðp;pþÞ :¼ fp 2 ½1;1Þ; 4pp0 
2
p b1 
2
p0 b2  g > 0g=|. Then
ðp;pþÞ  I , and all the assertions of Theorem 1.2 hold with pmax :¼ NN2 pþ,
pmin ¼ ð NN2 p
0
Þ
0.
Proof. The inclusion holds by Sobol and Vogt [24, Corollary 4.5].
Condition (1.6) implies that assumption (ii) of Theorem 1.2 is fulﬁlled.
Then, by Theorem 1.2, the assertion follows. ]
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abstract result on weighted estimates which is a main tool in the proof the
main theorem which is given in Section 3. Sharpness of the main result is
shown in Section 4. In Section 5 we discuss Lp-theory for nondivergence-
type elliptic operators.
2. TECHNIQUE OF WEIGHTED ESTIMATES
In this section, we are going to show the following theorem which
contains an abstract statement needed for the proof of our main result and is
useful in some other applications.
Theorem 2.1. Let 14p4r04q41, T an analytic semigroup of angle
y 2 ð0; p
2
 on Lr0 satisfying
jjexxT ðtÞexxjjp!q4Mt
ðN=mÞð1=p1=qÞemjxj
mtþot ðt > 0; x 2 RN Þ ð2:1Þ
for some M , m > 0, m > 1 and o 2 R. Then T extrapolates to an analytic
semigroup of angle y on Lr for all r 2 ½p; q=f1g, and the spectrum of the
generators Ar is independent of r.
This theorem is a generalization of Theorem 2.3 in [9]. There the case
p ¼ 1, q ¼ 1 is treated by showing estimates on the integral kernels of
powers of the resolvents ðlþ AÞ1 for l from some sector. In this case one
can use Davies’ trick to show that estimate (2.1) is equivalent to a Gaussian
estimate of order m of the integral kernel of the semigroup (cf. [6]).
The main tools needed in the proof of the theorem are Stein interpolation
and the following lemma on weighted estimates which is a reﬁnement of
Proposition 3.2 from [19].
Lemma 2.2. Let 14p4q41, g > 0. Let B : L1;c ! L1;loc be a linear
operator satisfying
jjexxBexxjjp!q41 for all x 2 R
N with jxj ¼ g:
Then jjBjjr!r4cNg
N ð1=p1=qÞ for all r 2 ½p; q, where the constant cN depends
only on the dimension N .
Proof. For g ¼ 1 the lemma is proved in [19], with cN ¼ e
ﬃﬃﬃ
N
p
jjðejkjÞkjj1.
(In fact, there the estimate jjexxBexxjjp!q41 is assumed for all jxj41, but
only jxj ¼ 1 is used in the proof.) Using a rescaling argument, we now
deduce the assertion for general g.
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Then jjDgf jjr ¼ g
N=r jjf jjr for all r 2 ½1;1, f 2 Lr. Moreover, Dg 8 e
xx ¼
egxx 8 Dg for all x 2 R
N . From the assumption we thus obtain, with
*B :¼ D1g BDg,
jjexx *Bexxjjp!q ¼ jjD1g egxxBegxxDgjjp!q4gNð1=p1=qÞ for all jxj ¼ 1:
An application of the lemma in the known case g ¼ 1 completes the
proof. ]
It should be pointed out that Lemma 2.2 is of particular interest for large
g. Similar results have ﬁrst been used in [6, 18], the difference being that
there a weighted norm estimate for all x 2 RN is assumed, not only for
jxj ¼ g. Lemma 2.2 will be applied in form of the next corollary.
Corollary 2.3. Let B : L1;c ! L1;loc be a linear operator. Assume that
jjexxBexxjjp!q4MtðN=mÞð1=p1=qÞemjxj
mt ðx 2 RN Þ
for some 14p4q41, M ; t;m > 0. Then
(a) jjBjjr!r4M1 :¼ MecNm
ðN=mÞð1=p1=qÞ for all r 2 ½p; q.
(b) For all p4r4s4q we have
jjexxBexxjjr!s4M1t
ðN=mÞð1=r1=sÞem1 jxj
mt ðx 2 RN Þ;
with m1 ¼ 2
mm.
Proof.
(a) By Lemma 2.2 we have, choosing g ¼ ðmtÞ1=m:
jjBjjr!r4 cN ðmtÞ
ðN=mÞð1=p1=qÞ MtðN=mÞð1=p1=qÞe1
¼ cNmðN=mÞð1=p1=qÞMe:
(b) Let x 2 RN . For Bx :¼ exxBexx and x0 2 R
N we have by assumption
that
jjex0xBxex0xjjp!q4Mt
ðN=mÞð1=p1=qÞemjxþx0 j
mt:
By (a) we conclude, noting jxþ x0j
m42mðjxjm þ jx0j
mÞ,
jjBxjjr!r4M1e
m2m jxjmt:
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the corollary leads to the desired conclusion. ]
Proposition 2.4. Let T be a C0-semigroup on Lq and assume that
jjexxT ðtÞexxjjp!q4MtðN=mÞð1=p1=qÞemjxj
mt ðt > 0; x 2 RN Þ
for some 14p4q, M ;m > 0. Then T extrapolates to a C0-semigroup on Lp.
Proof. It follows from Corollary 2.3(a) that T extrapolates to a bounded
semigroup on Lp. Thus, it sufﬁces to show that T ðtÞf ! f in Lp as t ! 0, for
all f 2 L1;c with jjf jjp ¼ 1. By Corollary 2.3(b) (with r ¼ s ¼ p) we have
jjexxT ðtÞf jjp4M1e
m1 jxj
mtjjexxf jjp ðt50; x 2 R
N Þ:
Let t41, jxj ¼ 1. Then jjexxT ðtÞf jjp4M1e
m1 jjejxjf jjp ¼: c51 since f has
compact support. Let R > 0 and wx the characteristic function of the set
fx 2 O; xx5Rg. Then jjwxT ðtÞf jjp4jje
xxRT ðtÞf jjp4ce
R. Let KR be the cube
of edge length 2R centered at 0. Then, with ej being the standard unit vectors
of RN ,
jjwO=KRT ðtÞf jjp4
XN
j¼1
ðwej þ wej ÞT ðtÞf




p
42NceR:
For R so large that supp f  KR it follows that
jjT ðtÞf  f jjp4 jjwO\KRT ðtÞf  f jjp þ jjwO=KRT ðtÞf jjp
4 jO\ KRj1=p1=qjjT ðtÞf  f jjq þ 2Nce
R;
which proves the assertion. ]
Remark. For p > 1 or in case T is positive, the above proposition
follows directly from Corollary 2.3(a) and [28].
Until now we have used weighted estimates with weights of the form
rðxÞ ¼ exx. Generally, we call r : O! ð0;1Þ a weight function if
r; r1 2 L1;loc. In the proof of Theorem 2.1 we need to extend the weighted
estimate (2.1) from real to complex times. The next proposition serves this
purpose. Comparable results are shown in [4, 18] by means of the
Phragmen–Lindel .of theorem on a sector. But it seems to be more natural
to use the Stein interpolation on a strip, similar to the proof of [6, Lemma 9]
by means of the three lines theorem.
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2
,
Sy :¼ f0=z 2 C; jarg zj5yg. Let F : Sy ! LðLpÞ be a bounded continuous
function, analytic in the interior of Sy, satisfying the inequality
jjrgF ðtÞrgjj4Memg
mt ðt > 0; g50Þ
for some M51, m > 0, m > 1. Then, for a 2 ð0; yÞ, there exists ma > 0 such that
jjrgF ðzÞrgjj4M1emag
m Re z ðz 2 Sa; g50Þ;
with M1 ¼ maxfjjF jj1; Mg.
Proof. Fix g50 and let jðzÞ :¼ expð mg
m
sin y e
iðp=2yzÞÞ for 04Re z41. Then
j ðzÞj ¼ expðmgm sin yx
sin y e
yyÞ, where z ¼ xþ iy. We apply the Stein interpola-
tion theorem to the function
GðzÞ :¼ jðzÞrzgF ðeiyð1zÞÞrzg:
For Re z ¼ 0 the function z/ eiyð1zÞ describes the upper ray of the
boundary of Sy, for Re z ¼ 1 it describes the positive real semi-axis. For
f ; g 2 L1;c, the function z/ hGðzÞf ; gi is analytic, and we have
jhGðzÞf ; gij4 j ðzÞj jjF ðeiyð1zÞÞjj  jjrzgf jjp jjr
zggjjp0
4 jjF jj1  cjjf jjp jjgjjp051;
where c depends on g and on the supports of f and g, but not on z. The
function j is adapted to have jjGðzÞjj4M1 ¼ maxfjjF jj1;Mg for Re z ¼ 0; 1.
We infer that jjGðzÞjj4M1 for all 04Re z41, so
jjrxgF ðeiyð1xÞeyyÞrxgjj4M1=j ðxþ iyÞj ¼ M1 exp mgm
sin yx
sin y
eyy
 
:
Choose now x ¼ 1 ay and let z :¼ e
iyð1xÞeyy ¼ eiaeyy . Then
jjrxgF ðzÞrxgjj4M1 exp mgm
sinðy aÞ
sin y
Re z
cos a
 
:
Writing gx ¼
y
ya g instead of g we obtain the assertion with
ma ¼ mð
y
yaÞ
m sinðyaÞ
sin y cos a. ]
Proof of Theorem 2.1. Without restriction let o ¼ 0. Observe that for
the ﬁrst assertion it sufﬁces to consider the case p ¼ r^ r0, q ¼ r_ r0, by
Corollary 2.3(b). We conﬁne ourselves to the case r5r0 (so that p ¼ r,
q ¼ r0), the proof of the case r > r0 being almost the same.
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05a5y. Note that the function Sa ] z/ hT ðzÞf ; gi is analytic for all f ; g 2
L1;c and that L1;c is dense in Lp and a norming subset of L*p . So we only
have to show that jjT ðzÞpL1;c jjp!p4Ma for jarg zj4a to conclude the
assertion by a slight modiﬁcation of [10, Theorem III.1.12].
From assumption (2.1) and Corollary 2.3(b) we obtain that
jjexxT ðtÞexxjjq!q4Ce
m1 jxj
mt ðt50; x 2 RN Þ:
Let a1 :¼ aþy2 , and d > 0 be such that z dRe z 2 Sa1 for all z 2 Sa. For z 2 Sa,
x 2 RN and f 2 L1;c we obtain, taking into account Proposition 2.5 and
assumption (2.1),
jjexxT ðzÞexxf jjq ¼ jje
xxT ðz dRe zÞexxexxT ðdRe zÞexxf jjq
4M1e
ma1 jxj
m Reðzd Re zÞMðdRe zÞðN=mÞð1=p1=qÞemjxj
md Re zjjf jjp
¼M2ðRe zÞ
ðN=mÞð1=p1=qÞem2 jxj
mRe zjjf jjp;
with m2 ¼ ð1 dÞma1 þ dm. An application of Corollary 2.3(a) yields the ﬁrst
assertion.
The statement on p-independence of the spectra follows from [16, Section
5, 1]. ]
In applications of Theorem 2.1 it is often hard to verify the weighted
estimate (2.1) for p ¼ 1. The next result serves the purpose to overcome this
difﬁculty.
Proposition 2.6. Let r051, T a contractive C0-semigroup on Lr0 , and
r > 0 a weight function. Assume that
jjrgT ðtÞrgjjp!q4Mt
að1=p1=qÞemg
mt ðt; g > 0Þ
for some r05p5q, M ; a;m > 0, m > 1. Then there exist M1;m1 > 0 such that
jjrgT ðtÞrgjjr0!q4M1t
að1=r01=qÞem1g
mt ðt; g > 0Þ:
Proof. For 05y41 let py :¼ ðyp þ
1y
r0
Þ1, qy :¼ ðyqþ
1y
r0
Þ1. By the Stein
interpolation theorem, the assumption implies that
jjrygT ðtÞrygjjpy!qy4M
ytyað1=p1=qÞeymg
mt ðt; g > 0Þ: ð2:2Þ
Let t; g > 0, deﬁne y 2 ð0; 1Þ by qy ¼ p and let yk :¼ y
k, tk :¼ y
m
k t ðk 2 N0Þ and
b :¼ að1p 
1
qÞ. Then pyk ¼ qykþ1 ðk 2 N0Þ, and (2.2) yields
jjrgT ðtkÞrgf jjqykþ1!qyk4M
yk tykbk e
ykmðg=yk Þmtk ¼ Myk ðymktÞykbeykmg
mt
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f 2 L1;c we obtain by Fatou’s lemma that
jjrgT ð t
1ymÞr
gf jjq4 lim infn!1
rgT
Xn
k¼0
tk
 !
rgf




q
4 lim inf
n!1
Yn
k¼0
ðMykymbkyk tykbeykmg
mtÞ  jjf jjqynþ1 :
Set r :¼
P1
k¼0 ykð¼
1
1yÞ and s :¼
P1
k¼0 kykð¼
y
ð1yÞ2
Þ, and note thatP1
k¼0 ykb ¼ að
1
r0
 1qÞ. We conclude that
jjrgT ð t
1ymÞr
gf jjq4M
rymbstað1=r01=qÞermg
mtjjf jjr0 :
This yields the assertion with M1 ¼ Mry
mbsð1 ymÞ
að 1r0
1qÞ and
m1 ¼ ð1 y
mÞrm. ]
The next extrapolation lemma is a modiﬁcation of the result from [3] with
literally the same proof.
Lemma 2.7. Let p04p5q4p1. Let T be a semigroup satisfying
jjT ðtÞjjp0!p04C, jjT ðtÞjjp1!p14C and
jjT ðtÞjjp!q4Ct
að1=p1=qÞ ðt > 0Þ:
Then there exists C1 > 0 such that
jjT ðtÞjjp0!p14C1t
að1=p11=p0Þ ðt > 0Þ:
In the next section, we apply Theorem 2.1 via the following
proposition.
Proposition 2.8. Let 14p051, T an analytic semigroup of angle y 2
ð0; p
2
 on Lp0 satisfying
jjexxT ðtÞexxjjp0!p04Me
mjxjmtþot;
jjT ðtÞjjp!q4Mt
N=mð1=p1=qÞeot
for all t > 0, x 2 RN and some 14p5q41. Then T ðtÞpL1;c extends
to an analytic semigroup of angle y on Lr for r 2 ðp^ p0; q_ p0Þ [ fp0g,
and the spectrum of the generators Ar is independent of r. If in
addition T is Lr0 -contractive for some 14r05p0, the same holds for
r 2 ½r0;p0.
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interpolation theorem the assumptions imply that, for all y 2 ð0; 1Þ,
jjexxT ðtÞexxjjpy!qy4Mt
ðN=mÞð1=py1=qyÞey
1mmjxjmt;
with 1py ¼
1y
p þ
y
p0
and 1qy ¼
1y
q þ
s
p0
. In the rest of the proof we distinguish
between three cases.
Case 1. p4p04q. The assertion follows directly from Theorem 2.1.
Case 2. p05p. By Corollary 2.3(b) we have that
jjexxT ðtÞexxjjqy!qy4Me
my jxj
mt:
Then Lemma 2.7 (applied to the semigroup TxðtÞ ¼ exxT ðtÞexxÞ and
Theorem 2.1 yield the assertion.
Case 3. p0 > q. The proof is analogous to that of Case 2.
The last assertion is obtained in the same way, using Proposition 2.6. ]
3. PROOF OF THE MAIN RESULT
In this section, we prove Theorem 1.2. In order to apply Proposition 2.8,
we need to show appropriate weighted estimates for the semigroups Tp
constructed in Theorem 1.1. Recall that the semigroups Tp are associated
with the form t deﬁned in (1.1). We will establish estimates on the ‘twisted
semigroups’ exxTpexx, for x 2 R
N , by studying the ‘twisted form’ tx which is
formally deﬁned by txðu; vÞ ¼ tðexxu; exxvÞ. We point out that it is a non-
trivial technical problem to establish the relationship between tx and
exxTpexx (see, e.g. [20, Proposition 3.4]).
Throughout this section we assume that (a), (bV) and (BC) are fulﬁlled
and that a 2 L1. Let ta; t; tp ð14p51Þ be the forms deﬁned in Section 1.
Recall that
I ¼ fp 2 ½1;1Þ; tp5 op for some op 2 Rg:
For a Lipschitz continuous function f : O! R, we introduce the form
tfðu; vÞ :¼ tðu; vÞ  hðarfÞu;rvi þ hru; ða>rfÞvi
 h½asrf  rfþ ðb1 þ b2Þrfu; vi
on DðtfÞ :¼ DðtÞ. It is straightforward that
tfðu; vÞ ¼ tðefu; efvÞ ðu; v 2 DðtfÞ such that efu; efv 2 DðtÞÞ:
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coefﬁcients
*b1¼b1 þ a>rf; *b2¼b2 þ arf; *V¼V  asrf  rf ðb1 þ b2Þrf:
Since a 2 L1 and rf 2 L1, it is easy to see that these new coefﬁcients satisfy
assumption (bV).
Proposition 3.1. Assume that (a), (bV) and (BC) hold, and recall that
a 2 L1. Let c > 0, 05e512, p 2 (I , and Tp the positive C0-semigroup on Lp
associated with t. Then there exists m > 0 such that, for all Lipschitz
continuous f : O! R satisfying
jhðb1 þ b2Þrf; u2ij4etpðuÞ þ cð1þ jjrfjj21Þjjujj
2
2 ð04u 2 DðtÞÞ; ð3:1Þ
the following assertions hold.
The form tf is associated with a positive C0-semigroup Tf;pðtÞ ¼ etAf;p on
Lp. For all u 2 DðAf;pÞ we have juj
p=2 sgn u 2 DðtpÞ and
hAf;pu; juj
p1sgn ui5ð1 2eÞtpðjujp=2 sgn uÞ  mð1þ jjrfjj21Þjjujj
p
p:
Further, Tf;pðtÞf ¼ efTpðtÞeff for all f 2 L1;c, t50. In particular,
jjefTpðtÞefjjp!p4e
mð1þjjrfjj21Þt ðt50Þ:
For the proof of the proposition, we need the following technical lemma.
Lemma 3.2. Let f 2 L1;loc. Let t, tf be closed sectorial forms in L2 with
DðtÞ ¼ DðtfÞ, and A, Af the corresponding m-sectorial operators in L2.
Assume that
tfðu; vÞ ¼ tðefu; efvÞ ðu; v 2 DðtfÞ such that efu; efv 2 DðtÞÞ:
Let l 2 rðAfÞ \ rðAÞ. Then
ðlþ AfÞ
1f ¼ efðlþ AÞ1eff ðf 2 L1;cÞ
if and only if
efv 2 DðtÞ ðv 2 ðlþ AÞ1L1;cÞ:
Proof. The ‘‘only if’’ part is clear, so we prove the ‘‘if’’ part. Let
f 2 L1;c, u :¼ efðlþ AÞ
1eff . Then efu 2 ðlþ AÞ1L1;c ¼: D  DðtÞ and
hence u 2 DðtÞ. For all v 2 D we have efv 2 DðtÞ, so
tfðu; vÞ ¼ tðefu; efvÞ ¼ hefAefu; vi:
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core for tf. Thus we obtain that u 2 DðAfÞ and Afu ¼ efAefu, which
implies the assertion. ]
Proof of Proposition 3.1. In order to apply Theorem 1.1 we have to
consider the symmetric form tf;p deﬁned by
tf;pðuÞ :¼Re taðuÞ þ
2
p
hrjuj; *b1juji 
2
p0
h *b2juj;rjuji þ h *V juj2i
¼ tpðuÞ þ
2
p
a> 
2
p0
a
 
rf
 
juj;rjuj
 
 h½asrf  rfþ ðb1 þ b2Þ  rfjuj2i
on Dðtf;pÞ :¼ DðtfÞ. By assumption (a) we have jhaz; Zij4ðaþ 1Þja
1=2
s zj
ja1=2s Zj for all z; Z 2 CN . A standard quadratic estimate shows that
tf;pðuÞ5tpðuÞ  dðaþ 1Þ
2taðjujÞ
 1þ
1
d
 
asrf  rfþ ðb1 þ b2Þrf
 
juj2
 
for all d > 0, u 2 DðtÞ. By Sobol and Vogt [24, Proposition 4.1(b)] there exist
d > 0, o 2 R such that
dðaþ 1Þ2 Re ta4etp þ o:
By (3.1) we thus obtain
tf;p5ð1 2eÞtp  o 1þ
1
d
 
jjasjj1jjrfjj
2
1  cð1þ jjrfjj
2
1Þ:
An application of Theorem 1.1 completes the proof of the ﬁrst two
assertions.
Let now Uf :¼ ðaþ 1Þ
2jjasjj1jjrfjj
2
1 þ W1 þ W2 þ jV j. Then U :¼ 5Uf is
ta-regular by assumption (bV). Standard quadratic estimates show that
Re tf514 Re ta  4Uf ð3:2Þ
and that tþ U , tf þ U are densely deﬁned closed sectorial forms, with
domains Dðta þ UfÞ. For m 2 N let Um :¼ ðU  mÞ
þ, and Am, Af;m the m-
sectorial operators associated with tþ Um, tf þ Um, respectively. Due to
Theorem 1.1(ii), the last assertion of the proposition will follow by passing
to the limit in
etAf;mf ¼ efetAmeff ðf 2 L1;c; t50Þ:
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ðlþ Af;mÞ
1f ¼ efðlþ AmÞ
1eff ðm 2 N; l > m; f 2 L1;cÞ:
Thus, by Lemma 3.2, it remains to show that
efv 2 Q :¼ Dðta þ UfÞ for all v 2 D :¼ ðlþ AmÞ
1L1;c: ð3:3Þ
For n 2 N let fn :¼ f^ n. It is easy to see that tfn þ Um is a densely
deﬁned closed sectorial form with domain Q. Let Afn;m denote the m-
sectorial operator associated with tfn þ Um. By (3.2) we estimate
Re tfn þ Um5
1
4
Re ta  4Ufn þ 5Uf  m5
1
4
Re ta þ Uf  m5 m:
Let g 2 L1;c, v :¼ ðlþ AmÞ
1g. Note that fn 2 W
1
1. Hence, by assumption
(BC), we conclude from Lemma 3.2 that
ðlþ Afn;mÞ
1ðefgÞ ¼ efnðlþ AmÞ
1efn ðefngÞ ¼ efnv
for all l > m and sufﬁciently large n 2 N. Therefore,
ð1
4
Re ta þ UfÞðefnvÞ4Reðtfn þ Um þ lÞðe
fnvÞ
¼Rehefg; efnvi4
1
l m
jjefgjj22:
This shows that ðefnvÞ is a bounded sequence in Q. Moreover, ðjefnvjÞ is
pointwise increasing, and efnv! efv a.e. as n!1. Hence efv 2 L2 by
monotone convergence, and efnv! efv in L2 by dominated convergence.
We conclude that efv 2 Q, i.e., (3.3) holds. ]
Proof of Theorem 1.2. Let p 2 ðp;pþÞ; TpðtÞ ¼ eApt be the semigroup
on Lp associated with the form t. For x 2 R
N let fxðxÞ :¼ x  x. Then
rfx ¼ x. By assumption (ii) of the theorem and Euclid’s inequality, we have
jhðb1 þ b2Þx; u2ij4jxj  jhðb1 þ b2Þu2ij414 ðtp þ CÞðuÞ þ C
2jxj2jjujj22:
So we can apply Proposition 3.1 to the form tfx and obtain that
jjexxTpðtÞexxjjp!p4e
mð1þjxj2Þt ðt50; x 2 RN Þ;
which veriﬁes the ﬁrst assumption of Proposition 2.8. Now we are going to
establish an estimate on jjTpðtÞjjp!Np=ðN  2Þ.
By Sobol and Vogt [24, Proposition 4.1(b)], there exist ep > 0 and Cp 2 R
such that
tp5ep Re ta þ Cp: ð3:4Þ
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DðApÞ since Tp is positive and analytic.
By Theorem 1.1(iii), (3.4), and assumption (iii) of the theorem, there exists
d > 0 such that
hApu; up1i5eptaðup=2Þ þ jjup=2jj225djjujj
p
Np
=ðN  2Þ
Using the analyticity of Tp we obtain by H .older’s inequality that
hApu; up1i4
C
t
jjf jjpp;
with some C > 0 not depending on t. Combining the above two estimates we
arrive at jjujjNp=ðN  2Þ4C1t
1=p jjf jjp, so that
jjT ðtÞjjp!Np=ðN  2Þ
Applying now Proposition 2.8 (note that 1p ¼
N
2
ð1p 
N2
Np Þ), we infer the
assertion of the theorem for p 2 ðp;pmaxÞ (and, in case 1 2 I for
p 2 ½1;pmaxÞ).
The p ! q estimate (1.5) follows from (3.5) and Lemma 2.7.
Thus, in case 1 2 I the proof is complete while otherwise we obtain the
assertions of the theorem only with ðp;pmaxÞ in place of ðpmin;pmaxÞ. In
order to complete the proof in the case 1 =2 I , one should repeat the
arguments for the adjoint semigroup T * which is associated with the form
t* (see [24, Proposition 3.11]). ]
4. SHARPNESS OF THE MAIN THEOREM
In this section, we give an example of a semigroup for which the interval
in the Lp-scale obtained in Corollary 1.3 cannot be extended.
Let b : O! RN , V : O! R be such that H10 \ Qðjbj
2 þ jV jÞ is dense in H 10 .
Deﬁne the form t in L2 by
tðu; vÞ ¼ hru;rvi þ hbru; vi þ hVu; vi
on DðtÞ :¼ H 10 \ Qðjbj
2 þ jV jÞ.
Proposition 4.1. Assume that t is associated with a C0-semigroup eApt
on Lp for some p51. Then
DðApÞ  Dp :¼ fu 2 H 20 \ W
2
p ; jbjjruj; jbj
2u; Vu 2 L2 \ Lpg
and Ap  ðDþ brþ V ÞpDp .
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Then L acts in both L2 and Lp. Let U0 :¼ jbj2 þ 2jV j, and let eA0t be the
semigroup on L2 associated with the closed sectorial form tþ U0. Then eA0t
extrapolates to a C0-semigroup eA0;pt on Lp.
It is easy to see that Dp  Dðtþ U0Þ and
ðtþ U0Þðu; vÞ ¼ hðLþ U0Þu; vi ðu 2 Dp; v 2 DðtÞÞ:
Hence A0 Lþ U0 and, moreover, A0;p Lþ U0 since Lþ U0 is an
operator in Lp. By Voigt [27, Corollary 2.7] we conclude that
Ap  A0;p  U0 L. ]
In the following we denote rðxÞ :¼ jxj.
Corollary 4.2. Let O ¼ RN , b ¼ c1r1rr, V ¼ c2r2 þ r2 and u ¼
rser
2=2, s 2 R. Assume that t is associated with a C0-semigroup eApt on
Lp, for some p 2 ½1;1Þ satisfying pðsþ 2Þ5N . Then u 2 DðApÞ and
Apu ¼ ððs2  ðN  2 c1Þs c2Þr2 þ N  c1  2sÞu:
Proof. Note that Du, rur ;
u
r2 and r
2u belong to L1 \ L1ðR
N =BeÞ for all
e > 0, where Be ¼ fx 2 R
N ; jxj5eg. Let j 2 C1ðRN Þ, 04j41, jðxÞ ¼ 1 for
all x 2 Bc1, jðxÞ ¼ 0 for all x 2 B1=2. Let jnðxÞ :¼ jðnxÞ, un :¼ jnu. Then, by
Proposition 4.1, un 2 DðApÞ and
Apun ¼ ðDþ brþ V Þun
¼jnðDþ brþ V Þu 2rjn  ruþ ðb  rjn  DjnÞu:
Since suppð1 jnÞ  B1=n, we have jDjnðxÞj4jDjjðnxÞr
2 and jrjnðxÞj4
jrjjðnxÞr1. Moreover, Du;rur ;
u
r2 2 Lp since sþ 25
N
p. Hence Apun ! ðDþ
brþ V Þu in Lp, by the dominated convergence theorem. So u 2 DðApÞ and
Apu ¼ ðDþ brþ V Þu since un ! u in Lp and Ap is a closed operator. The
second assertion now results from a direct computation. ]
Let now b ¼ b N22 r
1rr and V ¼ g ðN2Þ
2
4 r
2 þ r2 with b52,
05g5ð1 b=2Þ2. Let m :¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð1 b=2Þ2  g
q
. Then by Corollary 1.3, t is
associated with a consistent family of C0-semigroups eApt on Lp, for all
pmin :¼
2N
4þ ðN  2Þð1 b
2
þ mÞ
5p5
2N
ðN  2Þð1 b
2
 mÞ
¼: pmax:
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extrapolate to a C0-semigroup on Lq. Let
s :¼
N
pmax
¼
N  2
2
1
b
2
 m
 
; p0 :¼
N
sþ 2
¼
2N
4þ ðN  2Þð1 b
2
 mÞ
:
Then p0 2 ðpmin;pmaxÞ. By Corollary 4.2, u ¼ rser
2=2 is an eigenfunction
of Ap for p 2 ðpmin;p0Þ. Now assume that eApt extrapolates to a semi-
group on Lq, for some q5pmax. Then, by (1.5) and Lemma 2.7, eApt :
Lp ! Lq for all p 2 ðpmin;pmaxÞ. In particular, eAptu 2 Lq. This contradicts
the fact that eAptu ¼ ectu =2 Lq (recall s ¼ Npmax5
N
q). Considering the adjoint
semigroup we show that eApt does not extrapolate to a semigroup on Lq, for
any q4pmin.
Remark. In the case of Schr .odinger semigroups, a similar example was
given by Yu. Semenov (pvt. comm.).
5. NON-DIVERGENCE-TYPE OPERATORS
In this section, we consider the operator
A ¼ ar2 ¼ 
XN
j;k¼1
ajk
@2
@xj@xk
in UCbðR
N Þ, the space of bounded uniformly continuous functions, with
DðAÞ ¼ UC2bðR
N Þ (the functions and their ﬁrst and second derivatives are in
UCbðR
N Þ). We assume that ðajkÞ is symmetric with smooth entries and that
s1 id4a4s id for some s51. It is well known that the closure of A
generates an analytic semigroup T of full angle (i.e., of angle p
2
) on UCbðR
N Þ
(see, e.g. [13, Theorem 8.2.1]).
The semigroup operators T ðtÞ are integral operators with smooth integral
kernels pðtÞ satisfying
Z
RN
pðt; x; yÞ dy ¼ 1:
The adjoint semigroup T * on L1 is deﬁned by
ðT * ðtÞf ÞðyÞ ¼
Z
RN
pðt; x; yÞf ðxÞ dx:
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that
sup
x2RN
jjpðt; x; Þjjq5Ct
N=2q0 ;
which implies that
jjT * ðtÞjj1!q4Ct
N=2q0 : ð5:1Þ
Now we introduce the ‘weighted semigroups’. Let x 2 RN , rxðxÞ :¼ e
xx. Then
ðr1x T ðtÞrxf ÞðxÞ ¼
Z
RN
exxpðt; x; yÞexyf ðyÞ dy:
Using the maximum principle we see that (cf. [25])
jjr1x T ðtÞrxjj1!14e
sjxj2t so that jjrxT * ðtÞr
1
x jj1!14e
sjxj2t: ð5:2Þ
Estimates (5.1) and (5.2) allow us to apply Proposition 2.8.
Proposition 5.1. Let a 2 ½0; p
2
Þ. There exists a constant Ca depending only
on a;N ; s such that
jje
%Azjjp!p4Ca ðp 2 ½N ;1Þ; jarg zj4aÞ:
In particular, the family e %AtpCc extends to an analytic semigroup of full angle
on Lp.
Remark. For a ¼ 0, the above proposition was ﬁrst proved in [22].
The estimate obtained in Proposition 5.1 is an a priori estimate which
carries over to semigroups associated with the non-divergence form
operator A that are obtained by approximation by semigroups correspond-
ing to operators with smooth coefﬁcients. We stress, however, that the
above result does not contribute to the problem of solvability of non-
divergence-type equations for non-smooth a.
At the same time, the main results of this paper can be applied to the
problem of well posedness of the abstract Cauchy problem in LpðR
N Þ for an
operator realization corresponding to the non-divergence-type elliptic
differential expression A ¼ ar2.
Assume that ðajkÞ is uniformly elliptic. Set b1;k ¼
PN
j¼1 @jajk
ðk ¼ 1; . . . ;N Þ. Suppose that b1 2 L1;loc,
jjb1ujj4K jjujjH1 for some K > 0; b1 ¼ b11 þ b12;
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2juj2i4bjja1=2s rujj
2
2 þ Cbjjujj
2
2 for some b 2 ½0; 4Þ;Cb50;
div b12 2 L1;locðR
N Þ; ðdiv b12Þ
 2 L1ðR
N Þ:
Then A ¼ rðarÞ þ b1r. By Corollary 1.3 one can associate with A an
analytic C0-semigroup Tp on LpðR
N Þ, for all p 2 ð 2N
2N
ﬃﬃ
b
p
ðN2Þ;1Þ, with
sector of analyticity independent of p. This result is a generalization of the
corresponding result in [15] (for the case of a uniformly elliptic matrix ðajkÞ)
in several directions: ﬁrstly, the interval of solvability in the Lp-scale is
extended (and in fact is sharp, see Section 4); secondly, the conditions on b1
are relaxed; and thirdly, as follows from Corollary 1.3, the sector of
analyticity is p-independent.
6. REMARK ON HIGHER-ORDER OPERATORS
In this short section, we show that, employing Theorem 2.1, one can
obtain a result similar to Theorem 1.2 for higher order (non-symmetric)
operators from the class of superelliptic operators studied by Davies [6]. We
sketch the construction of these operators and refer the reader to [6] for
details.
Let m5N
2
, Hm :¼ W m2 ðR
N Þ. Let t, with DðtÞ ¼ Hm, be a closed sectorial
form in L2 which satisﬁes the G(arding inequality
1
2
jjðDÞm=2f jj224Re tðf Þ4cjjðDÞ
m=2f jj22 þ cjjf jj
2
2 ð6:1Þ
for some c > 0 and all f 2 Hm. Let Em denote the set of all bounded real-
valued C1-functions f on RN such that jjDafjj141 for all a such that
14jaj4m. Given l 2 R and f 2 Em, let
tlfðf ; gÞ ¼ tðelff ; elfgÞ ðf ; g 2 HmÞ:
We assume that
jtlfðf Þ Re tðf Þj414 Re tðf Þ þ kð1þ jlj
2mÞjjf jj22 ðf 2 H
mÞ; ð6:2Þ
for some k > 0 independent of l and f.
Proposition 6.1. Let assumptions (6.1) and (6.2) hold. Then the analytic
C0-semigroup T ðtÞ ¼ eAt on L2, associated with t, extrapolates to an analytic
semigroup TpðtÞ ¼ eApt on Lp, for all 2NNþ2m4p4
2N
N2m. The sector of
analyticity of Tp and the spectrum sðApÞ are p-independent.
Lp-THEORY OF C0-SEMIGROUPS, II 75Sketch of the proof. In order to apply Theorem 2.1 one needs to verify
the estimate
jjelfT ðtÞelfjj2!2N=ðN2mÞ4
c ﬃﬃ
t
p emðjlj2mþ1Þt ðt > 0; l 2 R; f 2 EmÞ; ð6:3Þ
for some c; m > 0 (see [6, Lemma 4]). It follows from (6.1) and (6.2) that tlf is
a closed sectorial form in L2. By Lemma 3.2, the semigroup elfT ðtÞelf is
associated with tlf. Now a simple modiﬁcation of the arguments in [6,
Lemmata 6,7,22] leads to estimate (6.3). ]
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